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Abstract
Within the Constrained Minimal Supersymmetric Standard Model (CMSSM) it is possible to predict the
low energy gauge couplings and masses of the 3. generation particles from a few parameters at the GUT
scale. In addition the MSSM predicts electroweak symmetry breaking due to large radiative corrections from
Yukawa couplings, thus relating the Z0 boson mass to the top quark mass.
From a χ2 analysis, in which these constraints are considered simultaneously, one can calculate the probability
for each point in the MSGUT parameter space. The recently measured top quark mass prefers two solutions
for the mixing angle in the Higgs sector: tanβ in the range between 1 and 3 or alternatively tanβ ≈ 15− 50.
For both cases we find a unique χ2 minimum in the parameter space. From the corresponding most probable
parameters at the GUT scale, the masses of all predicted particles can be calculated at low energies using
the RGE, albeit with rather large errors due to the logarithmic nature of the running of the masses and
coupling constants. Our fits include full second order corrections for the gauge and Yukawa couplings, low
energy threshold effects, contributions of all (s)particles to the Higgs potential and corrections to mb from
gluinos and higgsinos, which exclude (in our notation) positive values of the mixing parameter in the Higgs
potential µ for the large tanβ region.
Further constraints can be derived from the branching ratio for the radiative (penguin) decay of the b-quark
into sγ and the lower limit on the lifetime of the universe, which requires the dark matter density due to the
Lightest Supersymmetric Particle (LSP) not to overclose the universe.
For the low tanβ solution these additional constraints can be fulfilled simultaneously for quite a large region
of the parameter space. In contrast, for the high tanβ solution the correct value for the b → sγ rate is
obtained only for small values of the gaugino scale and electroweak symmetry breaking is difficult, unless
one assumes the minimal SU(5) to be a subgroup of a larger symmetry group, which is broken between the
Planck scale and the unification scale. In this case small splittings in the Yukawa couplings are expected at
the unification scale and electroweak symmetry breaking is easily obtained, provided the Yukawa coupling
for the top quark is slightly above the one for the bottom quark, as expected e.g. if the larger symmetry
group would be SO(10).
For particles, which are most likely to have masses in the LEP II energy range, the cross sections are given
for the various energy scenarios at LEP II. The highest LEP II energies (205 GeV) are just high enough to
cover a large region of the preferred parameter space, both for the low and high tanβ solutions. For low
tanβ the production of the lightest Higgs boson, which is expected to have a mass below 115 GeV, is the
most promising channel, while for large tanβ the production of Higgses, charginos and/or neutralinos covers
the preferred parameter space.
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1 Introduction
Grand Unified Theories (GUT’s) in which the electroweak and strong forces are unified at a scale
MGUT of the order 10
16 GeV are strongly constrained by low energy data, if one imposes unification
of gauge- and Yukawa couplings as well as electroweak symmetrybreaking. The Minimal Supersym-
metric Standard Model (MSSM) [1] has become the leading candidate for a GUT after the precisely
measured coupling constants at LEP excluded unification in the Standard Model [2, 3, 4]. In the
MSSM the quadratic divergences in the higher order radiative corrections largely cancel, so one can
calculate the corrections reliably even over many orders of magnitude. The large hierarchy between
the electroweak scale and the unification scale as well as the different strengths of the forces at
low energy are naturally explained by the radiative corrections[5]. Low energy data on masses and
couplings provide strong constraints on the MSSM parameter space, as discussed recently by many
groups [6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20].
In this paper we perform a combined statistical analysis of the low energy constraints, namely
the three gauge coupling constants measured at LEP, the quark- and leptonmasses of the third
generation, the lower limit on the as yet unobserved supersymmetric particles, the Z0-boson mass,
the radiative decay b → sγ observed by CLEO [21], and the lower limit on the lifetime of the
universe, which requires the dark matter density from the Lightest Supersymmetric Particle (LSP)
not to overclose the universe. No restriction is made on tan β , the ratio of vacuum expectation
values of the neutral components of the Higgsfields. Therefore both the low tan β solution, expected
in the SU(5), and the high tan β solution, expected in SO(10), are considered.
The theoretically more questionable constraint from proton decay in the MSSM [22, 23], which
involve the unknown Higgs sector at the GUT scale, was considered in a similar analysis before[14].
At large tan β values one needs a different multiplet structure[24] or a larger Higgs sector[25].
Assuming soft symmetry breaking at the GUT-scale, all SUSY masses can be expressed in terms
of 5 parameters and the masses at low energy are then determined by the well known Renormal-
ization Group Equations (RGE). The experimental constraints are sufficient to determine these
parameters, albeit with large uncertainties. From the statistical analysis we obtain the probability
for every point in the SUSY parameter space, which allows us to calculate the cross sections for
the expected new physics of the MSSM at LEP II. These cross sections will be given as function of
the common scalar and gaugino masses at the GUT-scale, denoted by m0 , m1/2 ; for each choice
of m0 , m1/2 , the other parameters were determined from the constraint fit.
2 The Model
2.1 The Lagrangian
The minimal supersymmetric extension of the Standard Model is described by the Lagrangian
containing the SUSY-symmetric part together with SUSY breaking terms originating from super-
gravity [26]. The breaking terms of the Lagrangian are given by:
LBreaking = −m20
∑
i
|ϕi|2 −m1/2
∑
j
λjλj (1)
− Am0
[
habu QaU
c
bH2 + h
ab
d QaD
c
bH1 + h
ab
e LaE
c
bH1
]
−Bm0 [µH1H2] .
The Lagrangian given above assumes that squarks and sleptons have a common mass m0 and the
gauginos a common mass m1/2 at the GUT scale. The SUSY Lagrangian contains the following
free parameters:
• 3 gauge couplings αi,
1
• the Yukawa couplings habi , where i is the flavour index and ab are generation indices. Since the
masses of the third generation are much larger than masses of the first two ones, we consider
only the Yukawa coupling of the third geneeration and drop the indices a, b.
• the Higgs field mixing parameter µ.
They are supplemented by the soft breaking ones:
• m0, m1/2, A, B, where A and B are the coupling constants for the Higgs fields.
With these parameters the comlete mass spectrum of the SUSY particles is determined.
2.2 The SUSY Mass Spectrum
All couplings and masses become scale dependent due to radiative corrections. This running is
described by the renormalization group equations (RGE) [8]:
3 Couplings: (i = 1, 2, 3)
dα˜i
dt
= −biα˜2i − α˜2i

 3∑
j=1
bijα˜j −
∑
U,D,L
aijYj

 (2)
dYU
dt
= YU
6∑
i=1

ctiα˜i −
6∑
j≥i
ctijα˜iα˜j

 (3)
dYD
dt
= YD
6∑
i=1

cbi α˜i −
6∑
j≥i
cbijα˜iα˜j

 (4)
dYL
dt
= YL
6∑
i=1

cτi α˜i −
6∑
j≥i
cτijα˜iα˜j

 (5)
3 Gauginos: (i = 1, 2, 3)
dMi
dt
= −biα˜2iMi (6)
Masses of the 1st. and 2nd Generation (i = 1, 2):
dm˜2Li
dt
= 3(α˜2M
2
2 +
1
5
α˜1M
2
1 ) (7)
dm˜2Ei
dt
= (
12
5
α˜1M
2
1 ) (8)
dm˜2Qi
dt
= (
16
3
α˜3M
2
3 + 3α˜2M
2
2 +
1
15
α˜1M
2
1 ) (9)
dm˜2Ui
dt
= (
16
3
α˜3M
2
3 +
16
15
α˜1M
2
1 ) (10)
dm˜2Di
dt
= (
16
3
α˜3M
2
3 +
4
15
α˜1M
2
1 ) (11)
2
Masses of the 3th Generation (i = 3):
dm˜2Li
dt
= 3(α˜2M
2
2 +
1
5
α˜1M
2
1 )− YL(m˜2L + m˜2E +m2HD +A2Lm20) (12)
dm˜2Ei
dt
= (
12
5
α˜1M
2
1 )− 2YL(m˜2L + m˜2E +m2HD +A2Lm20) (13)
dm˜2Qi
dt
= (
16
3
α˜3M
2
3 + 3α˜2M
2
2 +
1
15
α˜1M
2
1 )− (14)[
YU (m˜
2
Q + m˜
2
U +m
2
HU
+A2Um
2
0) + YD(m˜
2
Q + m˜
2
D +m
2
HD
+A2Dm
2
0)
]
,
dm˜2Ui
dt
= (
16
3
α˜3M
2
3 +
16
15
α˜1M
2
1 )− 2YU (m˜2Q + m˜2U +m2HU +A2Um20), (15)
dm˜2Di
dt
= (
16
3
α˜3M
2
3 +
4
15
α˜1M
2
1 )− 2YD(m˜2Q + m˜2D +m2HD +A2Dm20) (16)
Higgs potential parameters:
dµ2
dt
= µ2
[
3(α˜2 +
1
5
α˜1)− (3YU + 3YD + YL)
]
(17)
dm21
dt
= 3(α˜2M
2
2 +
1
5
α˜1M
2
1 ) + 3(α˜2 +
1
5
α˜1)µ
2 − (3YU + 3YD + YL)µ2 (18)
−3YD(m˜2Q + m˜2D +m21 − µ2 +A2Dm20)− YE(m˜2L + m˜2E +m21 − µ2 +A2Lm20) (19)
dm22
dt
= 3(α˜2M
2
2 +
1
5
α˜1M
2
1 ) + 3(α˜2 +
1
5
α˜1)µ
2 − (3YU + 3YD + YE)µ2 (20)
−3YU (m˜2Q + m˜2U +m22 − µ2 +A2Um20) (21)
(22)
Trilinear couplings:
dAU
dt
= −
(
16
3
α˜3
M3
m0
+ 3α˜2
M2
m0
+
13
15
α˜1
M1
m0
)
− 6YUAU − YDAD (23)
dAD
dt
= −
(
16
3
α˜3
M3
m0
+ 3α˜2
M2
m0
+
7
15
α˜1
M1
m0
)
− 6YDAD − YUAU − YLAL (24)
dAL
dt
= −
(
3α˜2
M2
m0
+
9
5
α˜1
M1
m0
)
− 3YDAD − 4YLAL (25)
(26)
Here m˜U , m˜D and m˜E refer to the masses of the superpartners of the quark and lepton singlets,
while m˜Q and m˜L refer to the masses of the weak isospin doublet superpartners; m1,m2,m3 and
µ are the mass parameters of the Higgs potential (see next section), while AU , AD, AL and B are
the couplings in LBreaking as defined before; Mi are the gaugino masses before any mixing and the
following notation is used:
α˜i =
αi
4pi
, t = log(
M2X
Q2
), Yj =
h2j
(4pi)2
,
where i = 1, 2, 3 and j = U,D,L. Only the Yukawa couplings of the third generation are considered,
so YU , YD, YL refer to Yt, Yb, Yτ and the couplings hj are related to the masses by
mt = ht(mt)v sinβ
3
mb = hb(mb)v cos β
mτ = hτ (mτ )v cosβ (27)
Here mj are the running masses. The boundary conditions at Q
2 =M2
GUT
or at t = 0 are:
m˜2Q = m˜
2
U = m˜
2
D = m˜
2
L = m˜
2
E = m
2
0;
µ2 = µ20; m
2
1 = m
2
2 = µ
2
0 +m
2
0;
Mi = m1/2; α˜i(0) = α˜GUT, i = 1, 2, 3
With given values for m0,m1/2, µ, Yt, Yb, Yτ , tan β, and A and correspondingly known boundary
conditions at the GUT scale, the differential equations can be solved numerically thus linking the
values at the GUT and electroweak scales. The non-negligible Yukawa couplings cause a mixing
between the electroweak eigenstates and the mass eigenstates of the third generation particles. The
mixing matrices for the m˜2t , m˜
2
b and m˜
2
τ are:(
m˜2Q +m
2
t +
1
6
(4M2W −M2Z) cos 2β mt(Atm0 − µ cot β)
mt(Atm0 − µ cot β) m˜2U +m2t − 23(M2W −M2Z) cos 2β
)
(28)
(
m˜2Q +m
2
b − 16(2M2W +M2Z) cos 2β mb(Abm0 − µ tan β)
mb(Abm0 − µ tan β) m˜2D +m2b + 13 (M2W −M2Z) cos 2β
)
(29)
(
m˜2L +m
2
τ − 12(2M2W −M2Z) cos 2β mτ (Aτm0 − µ tan β)
mτ (Aτm0 − µ tan β) m˜2E +m2τ + (M2W −M2Z) cos 2β
)
(30)
and the mass eigenstates are the eigenvalues of these mass matrices. The mass matrix for the
neutralinos can be written in our notation as:
M0 =


M1 0 −MZ cos β sinW MZ sin β sinW
0 M2 MZ cos β cosW −MZ sin β cosW
−MZ cos β sinW MZ cosβ cosW 0 −µ
MZ sinβ sinW −MZ sin β cosW −µ 0

 (31)
The physical neutralino massesMχ˜0
i
are obtained as eigenvalues of this matrix after diagonalization.
The mass matrix for the charginos is:
M± =
(
M2
√
2MW sin β√
2MW cos β µ
)
(32)
This matrix has two eigenvalues corresponding to the masses of the two charginos χ˜±
1,2:
M21,2 =
1
2
[
M22 + µ
2 + 2M2W ∓
√
(M2
2
− µ2)2 + 4M4W cos2 2β + 4M2W (M22 + µ2 + 2M2µ sin 2β)
]
2.3 Radiative Corrections to the Higgs potential
The Higgs potential V including the one-loop corrections ∆V can be written as:
V (H01 ,H
0
2 ) = m
2
1|H01 |2 +m22|H02 |2 −m23(H01H02 + h.c.) +
g2 + g
′2
8
(|H01 |2 − |H02 |2)2 + ∆V
with ∆V =
1
64pi2
∑
i
(−1)2Ji(2Ji + 1)Cim4i
[
ln
m2i
Q2
− 3
2
]
, (33)
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where the sum is taken over all possible particles. The mass parameters in the potential fulfill the
following boundary conditions at the GUT scale:
m21 = m
2
2 = µ
2
0 +m
2
0 and
m23 = Bµ0m0, (34)
where µ0 is the value of µ at the GUT scale. The minimization conditions
∂V
∂ψ1
= 0,
∂V
∂ψ2
= 0
with ψ1,2 = ReH
0
1,2 yield:
2m21 = 2m
2
3 tan β −M2Z cos 2β − 2Σ1 (35)
2m22 = 2m
2
3 cot β +M
2
Z cos 2β − 2Σ2, (36)
where Σ1 ≡ ∂∆V∂ψ1 and Σ2 ≡ ∂∆V∂ψ2 are the one-loop corrections[27]:
Σ1 = − 1
32pi2
∑
i
(−1)2Ji(2Ji + 1) 1
ψ1
∂m2i
∂ψ1
f(m2i ) (37)
Σ2 = − 1
32pi2
∑
i
(−1)2Ji(2Ji + 1) 1
ψ2
∂m2i
∂ψ2
f(m2i ) (38)
and the function f6 is defined as:
f(m2) = m2
(
log
m2
Q2
− 1
)
(39)
The Higgs masses can now be calculated including all 1-loop corrections [28, 29, 30, 31, 32, 33].
3 Comparision of the MSSM with experimental Data
In this section the various low energy GUT predictions are compared with data. The most restrictive
constraints are the coupling constant unification and the requirement that the unification scale has
to be above 1015 GeV from the proton lifetime limits, assuming decay via s-channel exchange of
heavy gauge bosons. They exclude the SM [2, 3, 4] as well as many other models [3, 34, 35]. The
only model known to be able to fulfill all constraints simultaneously is the MSSM. In the following
we shortly summarize the experimental inputs and then discuss the fit results.
3.1 Coupling Constant Unification
The three coupling constants of the known symmetry groups are:
α1 = (5/3)g
′2/(4pi) = 5α/(3 cos2 θW )
α2 = g
2/(4pi) = α/ sin2 θW
α3 = g
2
s/(4pi)
(40)
where g′ , g and gs are the U(1), SU(2) and SU(3) coupling constants.
The couplings, when defined as effective values including loop corrections in the gauge boson
propagators, become energy dependent (“running”). A running coupling requires the specification
6This definition differs by a factor 2 from the one of Ellis et al. [28]
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of a renormalization prescription, for which the modified minimal subtraction (MS) scheme [36] is
used.
In this scheme the world averaged values of the couplings at the Z0 energy are obtained from a
fit to the LEP data [37], MW [38] and mt [39, 40]:
α−1(MZ) = 128.0 ± 0.1 (41)
sin2 θMS = 0.2319 ± 0.0004 (42)
α3 = 0.125 ± 0.005. (43)
The value of α−1(MZ) was updated from Ref. [41] by using new data on the hadronic vacuum
polarization[42]. For SUSY models, the dimensional reduction DR scheme is a more appropriate
renormalization scheme [43]. In this scheme all thresholds are treated by simple step approximations
and unification occurs if all three α−1i (µ) meet exactly at one point. This crossing point corresponds
to the mass of the heavy gauge bosons. The MS and DR couplings differ by a small offset
1
αDRi
=
1
αMSi
− Ci
12pi
(44)
where the Ci are the quadratic Casimir coefficients of the group (Ci = N for SU(N) and 0 for U(1)
so α1 stays the same). Throughout the following, we use the DR scheme for the MSSM.
3.2 MZ from Electroweak Symmetry Breaking
Radiative corrections can trigger spontanous symmetry breaking in the electroweak sector, if the
minimum is obtained for non-zero vacuum expectation values of the fields. Solving MZ from the
minimization conditions (eqns. 35 and 36) yields:
MZ
2
2
=
m21 +Σ1 − (m22 +Σ2) tan2 β
tan2 β − 1 (45)
where the Σ1 and Σ2 are defined in eqns. (37,38). This condition determines the value of µ0 for a
given value of m0 and m1/2, as follows from the boundary values of m1 and m2 (34). Furthermore
one can express m23 = Bµm0 as function of tan β, so one can exchange the parameter B with tan β,
as will be done in the following.
3.3 Yukawa Coupling Constant Unification
The masses of top, bottom and τ can be obtained from the low energy values of the running
yukawa couplings as shown in eq. (27). The requirement of bottom-tau Yukawa coupling unification
strongly restricts the possible solutions in the mt versus tan β plane, as discussed by many groups
[44, 45, 46, 47, 33, 48, 49]. The values of the running masses can be translated to pole masses
following the formulae from [50]. In the MSSM the bottom mass has additional corrections from
loops involving gluinos, charginos and charged Higgs bosons [51, 52]. These corrections are small
for low tan β solutions, but become large for the high tan β values. For the pole masses of the
third generation the following values are taken: Mt = 179 ± 12 GeV/c2 [39, 40], Mb = 4.94 ±
0.15 GeV/c2 [38] and Mτ = 1.7771± 0.0005 GeV/c2 [38]. Since the gauge couplings are measured
most precisely at MZ , the Yukawa couplings were fitted at MZ too. The pole mass of the b-
quark at MZ was calculated by using the third order QCD formula[53], which leads to Mb(MZ) =
2.84 ± 0.15 GeV/c2 for αs(MZ) = 0.125 ± 0.005; the error on Mb includes the uncertainty from
αs. The running of Mτ is much less between Mτ and MZ ; one finds Mτ (MZ) = 1.7462 ± 0.0005.
The Yukawa coupling of the top quark is always evaluated at Mt, since its running depends on the
SUSY spectrum, which may be splitted in particles below and above Mt.
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3.4 Experimental Lower Limits on SUSY Masses
SUSY particles have not been found so far and from the searches at LEP one knows that the lower
limit on the charged leptons and charginos is about half the Z0 mass (45 GeV) [38] and the Higgs
mass has to be above 60 GeV [54, 55]. The lower limit on the lightest neutralino is 18.4 GeV [38],
while the sneutrinos have to be above 41 GeV [38]. These limits require minimal values for the
SUSY mass parameters. There exist also limits on squark and gluino masses from the hadron
colliders [38], but these limits depend on the assumed decay modes. Furthermore, if one takes the
limits given above into account, the constraints from the limits on all other particles are usually
fulfilled, so they do not provide additional reductions of the parameter space in case of the minimal
SUSY model.
3.5 Branching Ratio BR(b→ sγ)
The branching ratio BR(b→ sγ) has been measured by the CLEO collaboration [21] to be: BR(b→
sγ) = 2.32± 0.67 × 10−4.
In the MSSM this flavour changing neutral current (FCNC) receives, in addition to the SM
W − t loop, contributions from H± − t and χ˜± − t loops. The g˜ − q˜ and χ˜0 − t loops, which
are expected to be much smaller, have been neglected[56, 57]. The chargino contribution, which
becomes large for large tan β and small chargino masses, depends sensitively on the splitting of the
two stop masses; therefore it is important to diagonalize the matrix without approximations.
The theoretical prediction depends on the renormalization scale [58]. Varying the scale between
mb/2 and 2mb leads to a theoretical uncertainity σth. = 0.6 × 10−4, which is added in quadrature
to the experimental error. The fit prefers scales close to the upper limit, so the analysis was done
with 2mb as renormalization scale.
Within the MSSM the following ratio has been calculated [59, 57]:
BR(b→ sγ)
BR(b→ ceν¯) =
|V ∗tsVtb|2
|Vcb|2
KQCDNLO
6α
pi
[
η16/23Aγ +
8
3
(η14/23 − η16/23)Ag + C
]2
I(mc/mb)[1 − (2/3pi)αs(mb)f(mc/mb)]
, (46)
where
η = αs(MW )/αs(mb) (47)
f(mc/mb) = 2.41. (48)
Here f(mc/mb) represents corrections from leading order QCD to the known semileptonic b→ ceν¯
decay rate, while the ratio of masses of c- and b-quarks is taken to be mc/mb = 0.316. The ratio of
CKM matrix elements
|V ∗
ts
Vtb|
2
|Vcb|2
= 0.95 was taken from Buras et al. [58] and the factor KQCDNLO = 0.83
for the next leading order QCD-Corrections from Ali et al. [60].
Comparing these formulae with the experimental results leads to significant constraints on the
parameter space, especially at large values of tan β, as discussed by many groups [61, 17, 62, 63].
3.6 Dark Matter Constraint
Abundant evidence for the existence of non-relativistic, neutral, non-baryonic dark matter exists
in our universe[64, 65]. The lightest supersymmetric particle (LSP) is supposedly stable and would
be an ideal candidate for dark matter.
The present lifetime of the universe is at least 1010 years, which implies an upper limit on the
expansion rate and correspondingly on the total relic abundance. Assuming h0 > 0.4 one finds that
the contribution of each relic particle species χ has to obey [65]:
Ωχh
2
0 < 1, (49)
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where Ωχh
2 is the ratio of the relic particle density of particle χ and the critical density, which
overcloses the universe. This bound can only be met, if most of the LSP’s annihilated into fermion-
antifermion pairs, which in turn would annihilation into photons again.
Since the neutralinos are mixtures of gauginos and higgsinos, the annihilation can occur both,
via s-channel exchange of the Z0 and Higgs bosons and t-channel exchange of a scalar particle, like
a selectron [66]. This constrains the parameter space, as discussed by many groups[67, 17, 68, 61].
The size of the Higgsino component depends on the relative sizes of the elements in the mixing
matrix (eq. 31), especially on the mixing angle tan β and the size of the parameter µ in comparison
to M1 ≈ 0.4m1/2 and M2 ≈ 0.8m1/2. This mixing becomes large for the SO(10) type solutions, in
which case the parameters can alway be tuned such, that the relic density is low enough.
However, for low tan β values the mixing is very small due to the large value of µ required from
electroweak symmetry breaking and one finds that the lightest scalars have to be below a few 100
GeV in that case, as will be discussed below. The relic density was computed from the formulae by
Drees and Nojiri [30] and from the more approximate formulae by Ellis et al. [69]. They typically
agree within a factor two, which is satisfactory and good enough, since the relic density is such a
steep function of the parameters for low tan β, that the excluded regions are hardly changed by a
factor two uncertainty.
3.7 Fit Method
The fit method has been described in detail before [14] for the low tan β region. In that case the
analytical solutions for the SUSY masses could be found and one had to integrate only four RGE
(Yt and 3αi) numerically. For large tan β values all 25 RGE’s of section 2.2 have to be integrated
simultaneously. As a check, this integration was performed for low tan β values too and found to
be in good agreement with the results using the analytical solutions for the masses. In the present
analysis the following χ2 definition is used:
χ2 =
3∑
i=1
(α−1i (MZ)− α−1MSSMi(MZ))2
σ2i
+
(MZ − 91.18)2
σ2Z
+
(mt − 174)2
σ2t
+
(mb − 4.98)2
σ2b
+
(mτ − 1.7771)2
σ2τ
+
(Br(b→ sγ)− 2.32 × 10−4)2
σ(b→ sγ)2
+
(Ωh2 − 1)2
σ2
Ω
(for Ωh2 > 1)
+
(M˜ − M˜exp)2
σ2
M˜
(for M˜ > M˜exp)
+
(m˜LSP − m˜χ)2
σ2LSP
(for m˜LSP charged)
. (50)
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The first six terms are used to enforce gauge coupling unification, electroweak symmetry breaking
and b−τ Yukawa coupling unification, respectively. The following two terms impose the constraints
from b→ sγ and the relic density, while the last terms require the SUSY masses to be above the
experimental lower limits and the lightest sypersymmetric particle (LSP) to be a neutralino, since
a charged stable LSP would have been observed. The input and fitted output variables have been
summarized in table 1.
Fit parameters
exp. input data ⇒
low tan β high tan β
α1, α2, α3 MGUT , αGUT MGUT , αGUT
mt Y
0
t , Y
0
b = Y
0
τ Y
0
t = Y
0
b = Y
0
τ
mb
minimize
m0 ,m1/2 m0 ,m1/2
mτ
χ2
tan β tan β
MZ µ µ
b→ sγ (A0) A0
τuniverse
Table 1: Summary of fit input and output variables. For the low tan β scenario the parameter
A0 is not very relevant as indicated by the brackets. For large tan β τuniverse does not yield any
constraints (see text).
4 Results
The requirement of bottom-tau Yukawa coupling unification strongly restricts the possible solutions
in the mt versus tan β plane, as discussed before. With the top mass measured by the CDF and
D0-Collaborations [39, 40] only two regions of tan β give an acceptable χ2 fit, as shown in the
bottom part of fig. 1 for two values of the SUSY scales m0,m1/2, which are optimized for the low
and high tan β range, respectively, as will be discussed below. The curves at the top show the
solution for mt as function of tan β in comparison with the experimental value of mt = 179 ± 12
GeV. The mt predictions were obtained by imposing gauge coupling unification and electroweak
symmetry breaking for each value of tan β, which allows a determination of µ, αGUT, and MGUT
from the fit for the given choice of m0,m1/2. Note that the results do not depend very much on
this choice. The influence of the large corrections to mb at large values of tan β and the constraints
from Br(b→ sγ ) will be discussed below.
The best χ2 is obtained for tan β = 1.7 and tan β = 46, respectively. They correspond to
solutions where Yt >> Yb and Yt ≈ Yb, as shown in the middle part of fig. 1. The latter solution is
the one typically expected for the SO(10) symmetry, in which the up and down type quarks as well
as leptons belong to the same multiplet, while the first solution corresponds to b-tau unification
only, as expected for the minimal SU(5) symmetry. In SO(10) exact top-bottom Yukawa unification
is difficult, mainly because of the requirement of radiative electroweak symmetry breaking, since
in that case both, the mass parameters in the Higgs potential (m1 and m2) as well as the Yukawa
couplings, stay similar at all energies, as shown in fig. 2. Since eq. (45) for MZ can be written as
tan2 β =
m21 +
1
2
M2Z
m2
2
+ 1
2
M2Z
, (51)
one observes immediately that large values of tan β cannot be obtained if m21 ≈ m22. For small
tan β m21 and m
2
2 are sufficiently different due to the large difference between the top and bottom
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Fitted SUSY parameters
Symbol low tan β high tan β
m0 200 600
m1/2 270 70
µ(0) -1084 -196
µ(MZ) -546 -140
tan β 1.71 45.5
Yt(mt) 0.0080 0.0057
Yt(0) 0.0416 0.0020
Yb(0) 0.1188E-05 0.0015
Mpolet 177 174
mrunningt 168 165
1/αGUT 24.8 24.2
MGUT 1.6 10
16 2.4 1016
A(0)m0 0 536
At(MZ)m0 -446 -41
Ab(MZ)m0 -886 -33
Aτ (MZ)m0 -546 231
m1(MZ) 612 150
m2(MZ) 262 -131
Table 2: Values of the fitted SUSY parameters for low and high tan β. The scale is either MZ ,
mt, or GUT, as indicated in the first column by (MZ), (mt) or (0), respectively. The SUSY mass
spectrum corresponding to these parameters is given in table 3.
Yukawa couplings (see fig. 2). Since the large tan β solutions require a judicious finetuning in
case of exact unification at the GUT scale, a small non-unification is assumed, which could result
from threshold effects or running of the parameters between the Planck scale and the GUT scale.
E.g. if the SO(10) symmetry would be broken into SU(5) below the Planck scale, but well above
the GUT scale, the top Yukawa coupling could be easily 20-30% larger than the bottom Yukawa
coupling, as estimated from the SU(5) RGE. Therefore, in the following analysis Yt is taken to be
25% larger than Yb at the GUT scale and a similar splitting was introduced between m
2
1 and m
2
2,
i.e. m21 = 1.25 m
2
0 + µ
2 and m22 = 1.0 m
2
0 + µ
2 at the GUT scale. It is interesting to note that the
SU(5) RGE predicts Yt > Yb and that indeed fits with Yt < Yb at the GUT scale did not converge,
but with the mentioned deviations from exact unification the fits easily converged.
In fig. 3 the total χ2 distribution is shown as funtion of m0 and m1/2 for the two values of
tan β determined above. One observes clear minima at m0,m1/2 around (200,270) and (600,70), as
indicated by the stars in the projections. The different shades correspond to ∆χ2 steps of 2. Note
the sharp increase in χ2, so basically only the light shaded regions are allowed independent of the
exact χ2 cut.
The main contributions to χ2 are different for the different tan β regimes: for large tan β only
small values ofm1/2 yield good fits, because of the simultaneous constraints of BR(b→ sγ) and the
large corrections to the b-quark mass, while at low tan β most of the m0,m1/2 region is eliminated
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by the requirement that the relic density parameter Ωh2 should be below one. The calculated value
of BR(b → sγ) and the relic density are shown as function of m0 and m1/2 in figs. 5 and 6,
respectively.
It should be noted the mass of the lightest chargino is about 0.7 − 0.8 m1/2, as shown in fig. 7.
The low value of m1/2 for the best fit at large tan β implies a chargino mass of about 46 GeV (see
table 3), which is just above the LEP I limit and should be detectable at LEP II or alternatively,
the large tan β scenario can be excluded at LEP II, at least the minimal version. Of course, this
conclusion depends sensitively on the BR(b → sγ) value. For large m1/2 values, the prediction
for this branching ratio is only 2 or 3 standard deviations above its experimental value (see fig.
5). In non-minimal models, e.g. ones with large splittings between m1 and m2 at the GUT scale,
as studied by Borzumati et al. [61], the prediction for this branching ratio can be brought into
agreement with experiment in the large m1/2 region.
Without the contraints from b → sγ and dark matter, large values of the SUSY scale cannot
be excluded, since the χ2 from gauge and Yukawa coupling unification and electroweak symmetry
breaking alone does not exclude these regions (see fig. 8), although there is a clear preference for
the lighter SUSY scales.
As mentioned in the previous section , at large tan β the b-mass has large, but finite corrections
in the MSSM, as shown in fig. 9. Both, BR(b→ sγ) and ∆mb are sensitive functions of the mixing
in the quark sector, given by the off-diagonal terms in the mass matrices (eqns. 28-30). Fitting
both values simultaneously requires the trilinear coupling A0 at the GUT scale to be non-zero,
as shown in fig. 10: the χ2 for large tan β and A0 = 0 is much worse than for fits, in which A0
is left free. The influence of ∆mb on the mt versus tan β solution is shown too on the left side.
Note that the ∆mb corrections improve the fit at the high tan β values. For the low tan β scenario
the trilinear couplings were found to play a negligible role: varying them between ±3m0 did not
change the results significantly, since At shows a fixed point behaviour in this case: its value at MZ
is practically independent of the starting value at the GUT scale, as shown in fig. 11.
The fitted values of the trilinear couplings and the Higgs mixing parameter µ are strongly
correlated with m1/2, so the ratio of these parameters at the electroweak scale and the gluino mass,
which is about 2.7 m1/2 as shown in fig. 14, is relatively constant and largely independent of m0
(see figs. 13 - 16). Note from the figures that although the trilinear couplings At, Ab and Aτ have
equal values at the GUT scale, they are quite different at the electroweak scale due to the different
RGE’s.
The value of µ at the GUT scale is shown in fig. 17. Note the large values of µ at low tan β,
which implies little mixing in the neutralino sector and leads to eigenvalues of approximately M1,
M2 and µ in the mass matrix (eq. 31). Since M1 is the smallest value, the LSP will be almost
purely a bino, which leads to strong constraints on the parameters from the lifetime of the universe.
Table 2 shows the parameters from the best fit and table 3 displays the corresponding SUSY
masses. In figs. 18,19 the masses of the lightest CP-even and CP-odd Higgs bosons are shown for
the whole parameter space for negative µ-values. At each point a fit was performed to obtain the
best solution for the GUT parameters. The mass of the lightest Higgs saturates at 100 GeV. For
positive µ-values and low tan β the maximum Higgs mass increases to 115 GeV.
For high tan β only negative µ- values are allowed, since positive µ-values yield a too high
b-mass due to the large positive corrections in that case. The upper limit on the Higgs mass for
positive µ and large tan β is about 130 GeV.
The upper limits for particles other than the lightest Higgs are considerable higher, unless
restricted by some fine tuning argument: if the masses of the superpartners and the normal particles
are different, the famous cancellation of quadratic divergencies in supersymmetry does not work
anymore and the corrections to the Higgs masses quickly increase, as shown in figs. 20-23. These
corrections lead to large corrections in the electroweak scale too (see fig. 24). It is a question
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of taste, if one considers the corrections large or small and if one should exclude some region of
parameter space. In our opinion the fine tuning argument is difficult to use for a mass scale below 1
TeV, and the whole region up to 1 TeV should be considered, leading to quite large upper limits in
case of the low tan β scenario[14].
5 Discovery Potential at LEP II
The programs SUSYGEN [70] and special SUSY routines [71] in ISAJET [72] have been used
to calculate the production cross-sections for charginos, neutralinos and the lightest Higgses as
function of the SUSY mass scales m0 and m1/2.
Fig. 25 shows the mass of the lightest Higgs boson and the corresponding Higgs production
cross sections at three LEP energies as functions of m0 and m1/2 for tan β = 1.7. The absolute
value of the Higgs mass parameter µ was determined from the electroweak symmetry breaking
condition; its sign was chosen positive. For negative µ values the cross sections are about 50%
higher due to the lighter Higgs mass in that case (see fig. 18). Note the strong dependence of the
cross section on the LEP centre-of-mass energy. At 205 GeV the whole CMSSM parameter space
is covered, since at even higher values of the SUSY scale the Higgs mass hardly increases, as shown
in the left top corner of fig. 25. For these results the large radiative corrections to At and Ab were
taken into account, so they have nonzero values at the electroweak scale, typically At = −0.7Mg˜
and Ab = −1.5Mg˜ (see figs. 13 - 16). Note the fixed point behaviour of At at low tan β values, as
shown before in fig. 11.
For large values of tan β only negative values of µ give acceptable fits, mainly because of the
large corrections to the bottom mass, which prohibit tau-bottom unification for positive µ. In this
case the lightest Higgs mass becomes as large as 130 GeV for large values of the SUSY scales m0
and m1/2. However, if one includes the constraint from the radiative b → sγ decay, as measured
by CLEO [21], only low values of m1/2 give acceptable fits, in which case the remaining parameter
space is largely accessible to a Higgs search, provided LEP II reaches its highest energies (see
Fig. 26). The Higgs cross section is mainly a function of the Higgs mass and the center of mass
energy. This dependency is shown in fig. 27 for some representative Higgs masses. In addition, the
chargino and neutralino searches cover these regions, as shown in Fig. 28: even at a LEP II energy
of 192 GeV searches for both, neutralino and chargino production, cover the region m1/2 < 110
GeV, which is the region of interest for large tan β (see fig. 3).
6 Summary
In the Constrained Minimal Supersymmetric Model (CMSSM) the optimum values of the GUT
scale parameters and the corresponding SUSY mass spectra for the low and high tan β scenario
have been determined from a combined fit to the low energy data on couplings, quark and lepton
masses of the third generation, the electroweak scale MZ , b→ sγ , and the lifetime of the universe.
At the highest LEP II energy of 205 GeV practically the whole parameter space of the CMSSM
can be covered, both for the low and high tan β scenario, if one searches for Higgses, charginos and
neutralinos. At the lower envisaged LEP II energy of 192 GeV only half of the parameter space for
low tan β is accessible.
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SUSY masses in [GeV]
Symbol low tan β high tan β
χ˜01(B˜) 116 25
χ˜02(W˜
3) 231 46
χ˜±
1
(W˜±) 231 46
g˜ 658 191
e˜L 278 604
e˜R 228 602
ν˜L 273 599
q˜L 628 622
q˜R 605 620
τ˜1 227 423
τ˜2 228 525
b˜1 560 352
b˜2 604 426
t˜1 477 394
t˜2 582 413
χ˜03(H˜1) 562 (-)163
χ˜04(H˜2) (-) 571 178
χ˜±
2
(H˜±) 569 185
h 81 105
H 739 177
A 734 182
H± 738 200
Ωh2 0.42 0.025
Br(b→ sγ ) 2.87 10−4 2.36 10−4
LSP→ |B˜ > 0.9973 0.9141
LSP→ |W˜ 3 > 0.0360 -0.1354
LSP→ |H˜01 > -0.0593 -0.3770
LSP→ |H˜02 > 0.0252 -0.0635
Table 3: Values of the SUSY mass spectra for the low and high tan β solutions, given in table
2. The (-) in front of the neutralinos indicates that it is a CP-odd state. The LSP is a linear
combination of the gaugino and Higgsino components, as indicated by the last four rows. Note the
much larger Higgsino component of the LSP for large tan β, which leads to a small relic density.
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Figure 1: The top quark mass as function of tan β (top) for values of m0,m1/2 optimized for low
and high tan β, as indicated by the dashed and solid lines, respectively. The middle part shows the
corresponding values of the Yukawa coupling at the GUT scale and the lower part the obtained χ2
values. If the top constraint (mt = 179 ± 12, horizontal band) is not applied, all values of tan β
between 1.2 and 50 are allowed (thin dotted lines at the bottom), but if the top mass is constrained
to the experimental value, only the regions 1 < tan β < 3 and 15 < tan β < 50 are allowed.
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Figure 2: The running of the parameters m1 and m2 in the Higgs potential (top) and Yukawacou-
plings of top and bottom quarks (bottom).
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Figure 3: The total χ2-distribution for low and high tan β solutions (top) as well as the projections
(bottom). The different shades indicate steps of ∆χ2 = 2, so basically only the light shaded region
is allowed. The stars indicate the optimum solution.
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Figure 5: The branching ratio b→ sγ as function of m0 and m1/2. Note that for large tan β only
the region for m1/2 < 120 GeV yields values compatible with experimental results.
18
m 0 
[GeV]m1/2  [GeV]
re
lic
 d
en
sit
y 
Ω
h2
m 0 
[GeV]m1/2  [GeV]
re
lic
 d
en
sit
y 
Ω
h2
low tan β high tan β
200
400
600
800
1000
200
400
600
800
1000
0
0.2
0.4
0.6
0.8
1
200
400
600
800
1000
200
400
600
800
1000
0
0.2
0.4
0.6
0.8
1
Figure 6: The relic density as function of m0 and m1/2 for the low and high tan β scenario,
respectively.
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Figure 7: The lightest chargino mass as function of m0 andm1/2 for the low and high tan β scenario,
respectively.
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Figure 8: As fig. 3, but only including the constraints from unification and electroweak symmetry
breaking.
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Figure 9: Corrections to the bottom quark mass from gluino, charged Higgses and Higgsino loop
contributions in the MSSM as function of m0 and m1/2. Note the large negative corrections for
|µ| < 0 in this case. Positive µ-values would yield a large positive contribution, which excludes
bottom-τ unification for most of the parameter space.
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Figure 10: The top mass as function of tan β for m0 = 600 and m1/2 = 70 GeV. The various curves
show the influence of the ∆mb corrections, the b→ sγ branching ratio and the trilinear couplings
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Figure 12: The gluino mass as function of m0 and m1/2 for the low and high tan β scenario,
respectively.
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Figure 13: The ratio of µ(MZ) and the gluino mass as function of m0 and m1/2 for the low and
high tan β scenario, respectively.
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Figure 14: The ratio of At(MZ) and the gluino mass as function of m0 and m1/2 for the low and
high tan β scenario, respectively.
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Figure 15: The ratio of Ab(MZ) and the gluino mass as function of m0 and m1/2 for the low and
high tan β scenario, respectively.
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Figure 16: The ratio of Aτ (MZ) and the gluino mass as function of m0 and m1/2 for the low and
high tan β scenario, respectively.
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Figure 17: The Higgs mixing parameter µ0 at the GUT scale as function of m0 and m1/2 for the
low and high tan β scenario, respectively.
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Figure 18: The mass of the lightest CP-even Higgs as function of m0 and m1/2 for the low and high
tan β scenario, respectively. The sign of µ is negative, as required for the high tan β solution, but
chosen negative for low tan β.
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Figure 19: The mass of the CP-odd Higgs as function of m0 and m1/2 for the low and high tan β
scenario, respectively.
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Figure 20: The mass m1 in the Higgs potential at MZ (Born level) in GeV as function of m0 and
m1/2 for the low and high tan β scenario, respectively.
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Figure 21: The mass m2 in the Higgs potential at MZ (Born level) in GeV as function of m0 and
m1/2 for the low and high tan β scenario, respectively.
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Figure 22: The one-loop corrections Σ1/m
2
1 at MZ as function of m0 and m1/2 for the low and high
tan β scenario, respectively.
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Figure 23: The one-loop corrections Σ2/m
2
2 at MZ as function of m0 and m1/2 for the low and high
tan β scenario, respectively.
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Figure 24: The one-loop radiative corrections ∆(MZ)/MZ as function of m0 and m1/2 for the low
and high tan β scenario, respectively.
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Figure 25: The Higgs mass as function of m0 and m1/2 for positive values of µ and low tan β (left
top corner) and the main production cross sections for three different LEP II energies (175, 192
and 205 GeV). For negative µ values the Higgs mass is lighter (see fig. 7) and the cross sections
about 50% larger.
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Figure 26: The Higgs mass as function of m0 and m1/2 for µ0 = −300 GeV for tan β = 46 (left top
corner) and the main production cross sections for three different LEP II energies (175, 192 and
205 GeV). µ was kept to a representative value (see fig. 17), since in most of the region the fit gave
an unacceptable χ2, so µ could not be determined.
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Figure 27: The cross section as function of the center of mass energy for different Higgs masses,
as indicated by the numbers (in GeV). The upper limit on the Higgs mass is ≈ 115 GeV. (see figs.
25 and 26).
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Figure 28: The masses of the second lightest neutralino and chargino masses as well as the produc-
tion cross sections for µ0 = −300 GeV and tan β = 46. µ was kept to a representative value (see
fig. 17), since in most of the region the fit gave an unacceptable χ2, so µ could not be determined.
Positive values of µ give similar results. The steep decrease in the chargino cross section at small
values of m0 is due to the light sneutrino in that region, which leads to a strong negative interfer-
ence between s- and t-channel. Fortunately, the neutralino production is large there, as shown by
the plot in the left bottom corner.
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